We have performed high-precision calculations of the hyperfine structure for n 2 S 1/2 and n 2 P 1/2 states of the alkali-metal atoms Rb, Cs, and Fr across principal quantum number n, and studied the trend in the size of the correlations. Our calculations were performed in the all-orders correlation potential method. We demonstrate that the relative correlation corrections fall off quickly with n and tend towards constant and non-zero values for highly-excited states. This trend is supported by experiment, and we utilize the smooth dependence on n to make high-accuracy predictions of the hyperfine constants, with uncertainties to within 0.1% for most states of Rb and Cs.
I. INTRODUCTION
The hyperfine structure lies at the interface of atomic and nuclear physics, sensitive both to properties of the nucleus and to the electronic wave functions in the nuclear region [1] . By comparing measured and calculated values of the hyperfine structure, information about nuclear and atomic structure may be deduced. Such hyperfine comparisons play an important role in atomic parity violation (APV) studies [2, 3] , by contributing to the understanding of the modeling of atomic wave functions and to the assignment of the error in the theoretical value for the APV amplitude. Atomic parity violation studies provide a sensitive and unique probe of possible new physics beyond the Standard Model, including providing a window into a possible dark sector [3] .
Much of the focus on the hyperfine structure related to studies of atomic parity violation has been for the ground and low-lying states [4, 5] . In the current work, we explore the behavior of the hyperfine structure across principal quantum number n to n = 18 for heavy alkali-metal atoms. We are interested, particularly, in the contribution of the correlation corrections, that is, what remains beyond the mean-field result. We study the corrections to the states n 2 S 1/2 and n 2 P 1/2 -which we refer to simply as ns and np 1/2 -for neutral alkali-metal atoms of interest for APV studies, Rb [6] , Cs [7] , and Fr [8] .
The motivation to study the hyperfine structure for high states of heavy alkali-metal atoms comes from the recent works [9, 10] , where it was found that: (i) the uncertainties in calculations of the hyperfine structure associated with nuclear properties are significant and hinder the extraction of information about the electronic wave functions in hyperfine comparisons [9] , and; (ii) the reliance on explicit information about nuclear properties may be removed by constructing a ratio from experimentally-and theoretically-deduced hyperfine structure for states with high n [10] . Improving our modelling of the hyperfine structure for high states is critical for removing the crippling dependence on nuclear uncertainties and for accurately probing the electronic wave functions in the nuclear region through the ratio method [10] .
The usual starting point for accurate calculations of the hyperfine structure for heavy atoms is the relativistic Hartree-Fock approximation. The many-body corrections are often divided into a part arising from the distortion of the atomic core due to the external field (magnetic hyperfine interaction), referred to as core polarization, and the remaining part that we refer to as the correlation correction. For the alkali-metal atoms, with a single valence electron above closed shells, this correlation correction is dominated by the effect of the polarization of the atomic core by the Coulomb field of the valence electron.
There have been several studies of the trends in the core polarization and correlation corrections to the hyperfine structure in heavy alkali-metal atoms -for the ground states across nuclear charge Z [11, 12] and for s, p, and d states across principal quantum number n [13] [14] [15] [16] [17] [18] . In the latter works, the levelling of the relative core polarization corrections and the falling of the relative correlation corrections with increase in n has been noted. However, only the lowest few states were considered in these works, with ∆n = 2 − 6, and most of the studies were limited to s states.
In the recent work [10] , the hyperfine structure for s states was evaluated for Cs, Fr, Ba + , and Ra + up to n = 16, and the relative correlation corrections were shown to fall off quickly and approach constant and nonzero values for high n. In the current work, we explore this curious behavior in more detail, and we extend the previous studies by investigating the trend in relative core polarization and correlation corrections for both s and p 1/2 states for Rb, Cs, and Fr up to n = 18. We deduce relative correlation corrections from measured values for the hyperfine constants, and we demonstrate that these values agree well with our theoretical results.
Further, the existence of the trend in relative correlation corrections allows us to make very accurate predictions of the hyperfine constants for excited states, by combining theoretical calculations for the excited states with measurements from lower ones. We do this for the s and p 1/2 states of Rb and Cs up to n = 17, and of Fr up to n = 12. For most states of Rb and Cs, we believe these results are accurate to about 0.1% or better. As a test, we also make predictions in the same way for excited states where experiments have been performed, and find excellent agreement between our predictions and the measured hyperfine constants (0.03 − 0.05% deviation). This paper is organized as follows. In Section II we present the basic theory for the hyperfine structure and provide further details for motivating the study of the correlation corrections for high states. In Section III, the contribution of the core polarization to the hyperfine structure is evaluated, and it is shown that the relative correction is (very nearly) constant across principal quantum number for s and p 1/2 states. In Section IV, we describe the all-orders correlation potential method, and in Section V results for the relative correlation corrections across n are obtained. The trends in the relative correlation corrections are shown to be supported by measurements of the hyperfine structure. Finally, in Section VI, we utilize the correlation trends to make high-accuracy predictions for the hyperfine constants. Concluding remarks are presented in Section VII.
II. HYPERFINE STRUCTURE
The interaction between the magnetic dipole moment of the nucleus and the magnetic field from unpaired electrons in the atom produces small splittings in the electronic spectra of the levels referred to as the hyperfine structure. The relativistic operator for the magnetic hyperfine interaction is
where α is a Dirac matrix, A is the nuclear vector potential, µ = µI/I is the nuclear magnetic moment, and I is the nuclear spin. F (r) describes the nuclear magnetization distribution and F (r) = 1 for a point-nucleus. We use atomic units throughout, |e| = m e = = 4πǫ 0 = 1, c = 1/α, unless otherwise stated. The magnetic hyperfine structure (HFS) is often quantified by the hyperfine A constant, which may be expressed in lowest order as
where n is the principal quantum number, κ is the relativistic angular momentum quantum number, with κ = −1, 1, −2, ... for s, p 1/2 , p 3/2 , ..., etc., J is the electronic angular momentum, m p is the proton mass, and g I = µ/(µ N I) is the nuclear g-factor. Here, f and g are the upper and lower radial components of the singleparticle Dirac orbitals
(Ω is a spherical spinor) which satisfy the relativistic Hartree-Fock (RHF) equations
where β is a Dirac matrix, and V HF and V nuc are the Hartree-Fock and nuclear potentials, respectively. See, e.g., Ref. [19] for detailed expressions for V HF . We use the Fermi distribution to form the nuclear potential, with the thickness parameter corresponding to the 90%-10% density fall-off set to 2.3 fm, and the half-density radius found from the root-mean-square charge radii tabulated in Ref. [20] . An accurate theoretical description of the hyperfine structure goes beyond the expression presented in Eq. (2). The largest corrections are due to many-body effects, and to reach an accuracy within ∼ 1% or ∼ 0.1%, finite-nucleus magnetization and quantum electrodynamic (QED) radiative corrections must be included. In the recent paper [10] , the following parametrization for the hyperfine constant was introduced,
which conveniently factors out the nuclear and QED radiative corrections. We will adopt the same parametrization in this work. The first term on the right-hand-side A MB nκ corresponds to an electronic many-body value found with µ = µ N , point-nucleus magnetization (F (r) = 1), and no QED corrections. F BW nκ is the relative BohrWeisskopf correction originating from the finite magnetization distribution of the nucleus and F QED nκ is the relative QED radiative correction. Note that A MB nκ contains the nuclear spin I, from the nuclear g-factor g I -see Eq. (2) -and so may be different for different isotopes.
The QED radiative corrections to the hyperfine structure for low-lying states of heavy atoms were rigorously evaluated in [9, [21] [22] [23] , and for s states across principal quantum number in [10] . A detailed study of the BohrWeisskopf effect in different nuclear models was carried out recently for heavy atoms [9] , and across principal quantum number in Ref. [10] . In the current work, where Bohr-Weisskopf contributions are required, we use the results of Refs. [9, 10] found in the nuclear single-particle model (see, e.g., Ref. [24] ).
In Ref. [10] , it was demonstrated theoretically that the relative Bohr-Weisskopf and QED radiative corrections, F BW nκ and F QED nκ , are independent of principal quantum number n to high accuracy for s and p states for heavy atoms of interest for APV studies [10] . And indeed, the n-independence of the Bohr-Weisskopf effect has been experimentally demonstrated across n = 5 − 7 for Rb [25] . What this means is that the nuclear and QED terms that appear as a factor in Eq. (4) are the same for all n, and that they may be determined from a ratio of measured and calculated values for the hyperfine structure, A exp n ′ κ /A MB n ′ κ [10] . This may be readily seen from Eq. (4) by considering the equation for two principal quantum numbers n and n ′ , and setting the total hyperfine constant for the state n ′ κ to the measured value A exp n ′ κ when all effects are included correctly.
Remarkably, removing the explicit dependence on nuclear structure makes it possible to probe the elec-tronic wave functions in the nuclear region with greatlyimproved sensitivity (potentially testing the many-body theory at the level of 0.1% or better) compared to what could be possible from a direct hyperfine comparison. For example, the nuclear magnetic moment alone for isotopes of Fr has an uncertainty ∼ 1%, limiting this comparison. Note that the preference to determine the ratio described above for the highly excited states comes from the observation that the relative correlation corrections are significantly smaller for the higher states compared to the ground or low-lying states, as we will see in more detail later. Because it is expected that the uncertainty in the many-body calculation of A MB nκ is related to the size of the correlation correction, then it is anticipated that higher accuracy may be achieved for the high-lying states compared to the lower ones. This motivates our study of the hyperfine constant across principal quantum number, as we strive to better understand and evaluate it.
The subject of the current work relates to the manybody term A MB nκ , and in particular, the trends arising from contributions beyond the RHF approximation. The electronic term may be approximated by
where A HF nκ is the result at the relativistic Hartree-Fock level of approximation, F δV nκ is a relative correction arising due to polarization of the atomic core by the hyperfine field, and F Σ nκ is the relative correction arising from valence-core electron correlations. In the following sections we study the relative core polarization and correlation corrections across principal quantum number n. We will see that the core polarization correction is (nearly) independent of principal quantum number, and that the relative correlation corrections drop quickly and approach a constant value for high n.
III. CORE POLARIZATION
One of the dominant many-body corrections to the hyperfine structure arises due to polarization of the atomic core by the hyperfine field -core-polarization. We include this in our calculations using the time-dependent Hartree-Fock method, which is equivalent to the random phase approximation (RPA) with exchange. Effectively, it modifies the hyperfine operator, such that [26] h hfs → h hfs + δV hfs .
Only the exchange term contributes to the core polarization for the magnetic hyperfine structure, and so it is sometimes referred to as the "exchange core polarization".
To calculate δV hfs , we use the time-dependent HartreeFock (TDHF) method, in which the single-particle orbitals are expressed where ϕ (0) is the unperturbed orbital, and δϕ is the correction due hyperfine interaction. Then, the set of TDHF equations
is solved self-consistently for all the core orbitals. Here, the index c denotes a state in the core, δε = ϕ
is the correction to the energy for the core orbital c, and h HF is the single-particle Hamiltonian operator on the left-hand side of Eq. (3).
In Fig. 1 we plot the relative core polarization corrections (F δV ) as a function of n for s 1/2 and p 1/2 states of Rb, Cs, and Fr. The correction F δV is defined as ϕ|δV hfs |ϕ / ϕ|h hfs |ϕ , found from the ratio of the hyperfine constant with core polarization included to that without. We observe the following trends: (i) the relative core polarization corrections are constant for higher states; (ii) the corrections decrease with increasing Z. These observations are in agreement with previous studies. For example, the first point has been noted in Refs. [13] [14] [15] where the first few s states of K, Rb, and Fr were considered, and the second point has been noted in Refs. [11, 12] .
In the current work we extend previous studies by going to higher n, and by studying the trend for the p 1/2 states. The relative core polarization corrections decrease slightly with increase in n for the lowest-lying levels, and they approach constant values as n is further increased. For s 1/2 states, they level out at 21%, 20%, and 18% for Rb, Cs, and Fr, respectively. The relative core polarization corrections for p 1/2 states are significantly larger than for s 1/2 states, and they approach 25%, 24%, and 22% for Rb, Cs, and Fr.
IV. CORRELATION POTENTIAL METHOD
We use the correlation potential method [26] to include valence-core electron correlations. In this method, a correlation potential Σ(r i , r j , ǫ) is added to the RHF equations (Eq. (3)), and new orbitals ϕ Br (Brueckner orbitals) and Brueckner energies are obtained for the valence states. The correlation potential is defined such that the average value of the second-order correlation potential corresponds to the second-order correlation correction to the energy. Diagrams are presented in Fig. 2 . We use the Feynman diagram technique to include higher-order correlations, and a fitting procedure is used to approximate the inclusion of missed diagrams. Calculation of the hyperfine constant with valence-core correlations included, along with core polarization, corresponds to evaluation of the matrix element ϕ Br |h hfs + δV hfs |ϕ Br .
In the following sections we describe how higher orders are included in the potential.
A. Higher orders
The Feynman diagram technique is used to re-express the Goldstone diagrams in Fig. 2 . Then it is relatively straight-forward to include certain classes of diagrams to all-orders in the Coulomb interaction. We do this using the method developed in Ref. [27] ; we refer the reader to that work for the relevant equations. The most important class of diagrams corresponds to electron-electron screening of the Coulomb interaction, represented in Fig. 3 . Another class of diagrams -hole-particle interaction -is included through dressed hole-particle loops, as depicted in Fig. 4 . All-orders electron-electron screening and the hole-particle interaction are included in the Feynman diagram for the direct terms, as shown in Fig. 5 . Exchange diagrams are usually considered to be small in comparison to direct diagrams (see, e.g., Ref. [28] ), and a simpler approach is used. The exchange part of the correlation potential is evaluated in the second order. This calculation involves a sum over a complete set of states in the internal lines, and to discretize the states in this sum, we introduce a cavity of radius 40 a B and diagonalize the relativistic Hartree-Fock Hamiltonian on a set of 40 splines of order k = 9 [19] . Higher order correlations are accounted for by using multipolarity-dependent screening factors f k , where k is the multipolarity of the Coulomb interaction. These rescale the Coulomb integrals g k that correspond to the Coulomb lines in the exchange diagrams (2) and (4) of Fig. 2 as f k g k . The screening factors f k are found from the ratio [28] 
where Σ ∞,ee dir,k and Σ
dir,k refer to the direct parts of the all-order and second-order correlation potentials, respectively. These factors include only the dominant electronelectron screening correction.
To improve the accuracy of our calculations further, we multiply the correlation potential by a fitting factor which is tuned to reproduce the experimental binding energies. Beyond the higher-order corrections that may be absorbed into a correlation potential, there are other small corrections (at the level of 1% or less). This includes so-called structural radiation and normalization of states [26] . These are taken into account in this work.
We also include the Breit correction, accounting for retardation and magnetic effects. The effective Breit Hamiltonian, where
V. CORRELATION CORRECTIONS ACROSS PRINCIPAL QUANTUM NUMBER
In our previous work [10] we observed that the relative correlation corrections for s states of Cs, Fr, Ba + , and Ra + tend towards constant and non-zero values for high n. We define the relative correlation correction F Σ as
where A is the total hyperfine constant and A RPA is the result of our calculation at the RPA level, including BohrWeisskopf and QED corrections using Eq. (4). The relative correlation correction describes the correlations included beyond the mean field approximation. Note that in the theoretical evaluation of F Σ any dependence on nuclear properties and QED radiative corrections in A and A RPA factors out, as long as these corrections are treated in the same way. It's also possible to find experimental values for the relative correlation corrections, as done below, using measured values for the hyperfine constants A in Eq. (12).
A. Theory
The results of our many-body calculations for the relative correlation corrections to the hyperfine structure for Rb, Cs, and Fr are presented in Fig. 6 for s states across principal quantum n from the ground state to n = 18. The theory results are shown as crosses in the figure (the values are presented in tables in the following sections). In agreement with Refs. [11, 12] , our results for the relative correlation corrections to the hyperfine structure for the ground state of Cs have a larger value than for the ground states of Rb and Fr. The relative correlation corrections exhibit a strong decrease at low n and level off to constant, non-zero values for high n. The decrease in the correlation corrections with principal quantum number n has been observed theoretically in several alkali-metal atoms, see for example Refs. [10, 13, [15] [16] [17] . The references [11, 13] provide an explanation for these trends -that they arise due to competing factors, the electric polarizability of the atom and the separation distance between the core and valence electron. Indeed, at large distances, the correlation potential approaches a local polarization potential that involves the electric polarizability of the atomic core α, Σ r→∞ ≈ −α/(2r 4 ). The decrease in the relative correlation potential with increase in n has been seen previously for the lowest states, and observed over a higher range in n, up to n = 16, more recently in Ref. [10] . In the current work, we study the trend up to n = 18, and present the first results for Rb across a wide range in n. We demonstrate that for the three atoms, F Σ tends towards constant and non-zero values with increase in n. At n = 18, we find that the relative correlation corrections are 5.2%, 4.5% , and −0.3% for Rb, Cs, and Fr. Note that for Fr, this value is negative, an interesting result that has been observed previously for Ra + [15] , which is consistent with our Ra + results [10] .
We have also calculated the relative correlation corrections to np 1/2 states up to n = 18 for Rb, Cs, and Fr. Our results are shown in Fig. 7 . It is seen that the rela- tive correlation corrections are significantly larger for the p 1/2 states compared to the s 1/2 states. This is consistent with the results of Ref. [12] , where calculations were performed for the lowest-lying p 1/2 states. The p 1/2 states exhibit similar behaviour to the s states for F Σ , with the values decreasing quickly at low n as n is increased, and leveling off to constant and non-zero values for high n.
Simple analytical arguments support the observation that the relative correlation corrections tend towards constant values. These are applicable for both s and p 1/2 states. The Brueckner orbitals may be written as ϕ Br = ϕ+δϕ, where δϕ = m |ϕ m ϕ m |Σ (∞) |ϕ /(ǫ−ǫ m ) and ϕ and ǫ correspond to RHF values; see Eq. (3). The correlation correction to the hyperfine constant A may then be expressed as ∆A ∝ ϕ|h hfs |δϕ + δϕ|h hfs |ϕ . We will proceed by considering the simple case where the sum is dominated by a single term where ǫ ≈ ǫ m . It is known that ϕ|h hfs |ϕ ∝ 1/ν 3 [1], where ν is the effective principal quantum number, and the energy interval may be approximated as 1/ν 2 − 1/ν 2 m ∝ 1/ν 3 for large ν (since ν ≈ ν m and the difference between the two is approximately a constant). Finally, ϕ|Σ (∞) |ϕ is simply the correlation correction to the energy, which also scales as 1/ν 3 . Using these scalings, it is then seen that ∆A ∝ 1/ν 3 . Therefore, the relative correlation correction tends towards a constant for high n.
B. Experiment
In this section we look at the trends in the relative correlation corrections derived from experiment and we use the combination of our calculations with these experimental results to make high-accuracy predictions for the hyperfine constants. In Figures 6 and 7 we present these measured hyperfine constants as relative correlation corrections F Σ alongside our theory values. Indeed, it is possible to derive these relative corrections from the measured data using Eq. (12) . These corrections are defined by what remains beyond our mean-field results, in this case our RPA values. They are found by subtracting A RPA , which include the nuclear magnetic moment and the Bohr-Weisskopf and QED radiative corrections. For reference, and illustration of the procedure, we present the results of our calculations at the RHF and RPA levels (without BohrWeisskopf or QED corrections) for the states up to n = 12 in Table I . This data, along with the values for F BW and F QED presented in Table II , are used to determine A RPA according to Eq. (4). The Bohr-Weisskopf corrections, F BW , and QED radiative corrections, F QED , are presented in Table II . The Bohr-Weisskopf results were obtained in the singleparticle model at the RPA level [9, 10] . The results for 87 Rb and 211 Fr p 1/2 states were found in the current work. For the QED radiative corrections, F QED , we use the results of Refs [9, 22] . The QED correction for the p 1/2 state of Fr has not been determined.
The relative correlation corrections may be extracted from measured data for the hyperfine constants as follows. The measured hyperfine constant for Cs 9s is A exp = 109.93(9) MHz [31] . Our theory result at the RPA level is A MB µ/µ N = 101.09 MHz, and from the data in Table II for F BW and F QED , we obtain A RPA = 100.50 MHz using Eq. (4). The relative correlation correction for Cs 9s is then found from Eq. (12), giving F Σ = 9.39(9)%. It is seen from Figs. 6 and 7 that our calculated F Σ has generally excellent agreement with experiment for the considered s and p 1/2 states. The agreement is particularly good for the ground states of Rb and Cs and the p 1/2 states of Rb. Note that the error bars for F Σ only include the uncertainties associated with the measured hyperfine constants, and they do not include uncertainties associated with extracting the relative correlation corrections, such as from the nuclear magnetic moment. The nuclear magnetic moment of Fr in particular has a very large uncertainty (2%), which may explain the difference in the results between theory and experiment.
The smooth dependence of the relative correlation corrections on principal quantum number is supported by the measured values. This allows us to make highly accurate predictions of the hyperfine constants, as implemented in the following section.
VI. PREDICTIONS
While there is a known trend of 1/ν 3 for the hyperfine constants, more accurate predictions may be found by taking advantage of the observed trend in the relative correlation corrections. We do this using two methods: by fitting the available experimental data to the theoretically-motivated trend in the relative correlation corrections, and by using the ratio method, as developed in Ref. [10] . We note that the observed trends, from the- [10] ory and experiment, align most strongly for the excited states, and so the ground state is to be treated separately (accurate calculations of the ground state hyperfine splitting for these atoms have been presented recently in Ref. [9] ).
A. Fit method
We fit the function a(n − b) −c + d to the relative correlation corrections (F Σ ) using weighted least squares, where n is the principal quantum number and a, b, c and d are the fitting parameters. First, the parameters b and c are fixed by fitting the function to the theoretical F Σ values [(n − b) > 1 may be thought of as an effective principal quantum number, and c ≃ 1 determines the degree of the relative correlation trend]. Then, the a and d parameters are fitted to the F Σ values derived from experimental A values; fitting these terms to the experimental data accounts for small errors in the calculated correlation corrections. This method allows us to make accurate predictions using the fit when only few experimental values are known. We stress that we always exclude the experimental value for the state we are making the prediction for from the fit.
Using this method we predict the hyperfine constants up to n = 17. These are presented for Rb and Cs in Tables III and IV , respectively, wherever the experimental uncertainty drops below 0.1% and where measured values are currently unavailable. We estimate the uncertainties in the predicted values from the uncertainties in the fit parameters; the fit is mostly sensitive to the b and c parameters (determined from the fit to theory), and it is these which typically dominate the uncertainty. Our predictions from the fit method all lie well within the experimental error bars.
We note that investigating the measured hyperfine constants in terms of this trend allows us to identify instances where the midpoint of an experimental value deviates significantly from the observed trend. For example, in Fig. 6 it may be seen that F Σ derived from the Rb 9s measurement lies above the trend in the Rb s states (this measurement also has a relatively large uncertainty compared to the other measurements). Using the fit method, we predict the hyperfine constant to be A 9s = 90.38 (36) 
B. Ratio method
We also apply the ratio method to make highly accurate predictions of the hyperfine constants for Rb and Cs, presented in Tables III and IV . Using the ratio [36] e Reference [37] f Reference [38] method [10] , a value for the hyperfine constant A n for a state n can be expressed as
[see Eq. (4)] where A exp m is a measured hyperfine constant for some other state of the same angular momentum (typically taken as an excited state). Note that the calculated A values can be expressed as A th n = A n (1+δ n ), where A n is the "exact" hyperfine constant, and δ n is the relative deviation. The ratio method may be used to either isolate the uncertainty for one state, when the other state can be modelled significantly better, or it may be used to make high-accuracy predictions when δ n are comparable in magnitude and of the same sign (or small). When correlations are taken into account as described above, we find the value for δ n to be the same for all n to a very good approximation, and therefore cancels in the ratio (13) ; this is particularly true for the excited states, where the relative correlation corrections are smaller. The ratio method thereby leads to very accurate predictions for hyperfine constants, so long as correlation effects are sufficiently taken into account, and there is at least one experimental value available of high accuracy [10] . Since the ratio method works best when projecting from the excited states (as opposed to the ground state), we use the measurements from the lowest excited states that have the smallest uncertainties to make predictions for the higher states. For example, for Cs, we use both the A exp 7s and A exp 8s experimental results to perform the predictions for the n ≥ 9s states. As a consistency check, we also use the experimental hyperfine constant A exp 7s to predict A 8s , and A exp 8s to predict A 7s . The leading source of uncertainty in the ratio method comes from errors in the inexact cancellation of the δ n factors. To this end, we calculate δ n corresponding to our calculated A values for each state using the available experimental values. The variance in the observed δ n values is used to estimate the uncertainty in the predicted A values. Typically, the uncertainty in the resulting A values is better than 0.1%. The uncertainty increases for the more highly excited states, where the exact cancellation of the δ n terms is less certain.
The resulting predicted values up to n = 17 are presented for Rb and Cs in Tables III and IV, respectively. We make predictions for states where experimental data is available as a test for the method. Note that the agreement with experiment in these cases is excellent, better than 0.05% for most states. We also present results for the first few excited states of Fr in Table V . With less experimental data, the uncertainty is more difficult to control, however, we expect these predictions to be accurate to the ≈ 0.5% level.
VII. SUMMARY AND CONCLUSIONS
Accurate knowledge of hyperfine constants for excited states is important for extracting nuclear properties, such as nuclear magnetic moments. As atomic theory precision increases, this will extend to the Bohr-Weisskopf effect and radiative quantum electrodynamics effects that become sizeable in the strong electric field near the nucleus. Thereby, such investigations play a significant role for testing nuclear physics models, and models for including radiative QED effects into atomic structure calculations. Further, the comparison of high-precision atomic structure calculations for hyperfine constants with measured values gives an important handle for understanding the accuracy of calculated wavefunctions on very small distance scales. This is particularly important, for example, in studies of atomic parity violation.
With these motivations, we have investigated the trends in the correlation corrections for the hyperfine constants across principal quantum number n. We have shown that these corrections tend towards constant, nonzero values for high states. Our calculations were performed for Rb, Cs, and Fr for the ground states up to n = 18 for s and p 1/2 states. Our results are supported by measured values for Cs and Rb, and we have demonstrated that the smooth dependence of the relative correlation corrections on n allows one to make highlyaccurate predictions for the hyperfine constants. We have used two methods to make these predictions -a leastsquares fit to measured values, and the ratio methodand have obtained values for the hyperfine constants for excited states of Rb and Cs with uncertainties of about 0.1% or better.
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